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ABSTRACT
Context. The presence of magnetic fields in the crust of neutron stars causes a non-spherically symmetric temperature distribution.
The strong temperature dependence of the magnetic diffusivity and thermal conductivity, together with the heat generated by magnetic
dissipation, couple the magnetic and thermal evolution of NSs, that cannot be formulated as separated one–dimensional problems.
Aims. We study the mutual influence of thermal and magnetic evolution in a neutron star’s crust in axial symmetry. Taking into
account realistic microphysical inputs, we find the heat released by Joule effect consistent with the circulation of currents in the crust,
and we incorporate its effects in 2–dimensional cooling calculations.
Methods. We solve the induction equation numerically using a hybrid method (spectral in angles, but a finite–differences scheme in the
radial direction), coupled to the thermal diffusion equation. To improve the boundary conditions, we also revisit the envelope stationary
solutions updating the well known Tb − Ts–relations to include the effect of 2–D heat transfer calculations and new microphysical
inputs.
Results. We present the first long term 2–dimensional simulations of the coupled magneto-thermal evolution of neutron stars. This
substantially improves previous works in which a very crude approximation in at least one of the parts (thermal or magnetic diffusion)
has been adopted. Our results show that the feedback between Joule heating and magnetic diffusion is strong, resulting in a faster
dissipation of the stronger fields during the first 105 − 106 years of a NS’s life. As a consequence, all neutron stars born with fields
larger than a critical value (> 5×1013G) reach similar field strengths (≈ 2−3×1013G) at late times. Irrespectively of the initial magnetic
field strength, after 106 years the temperature becomes so low that the magnetic diffusion timescale becomes longer than the typical
ages of radio–pulsars, thus resulting in apparently no dissipation of the field in old NS. We also confirm the strong correlation between
the magnetic field and the surface temperature of relatively young NSs discussed in preliminary works. The effective temperature of
models with strong internal toroidal components are systematically higher than those of models with purely poloidal fields, due to the
additional energy reservoir stored in the toroidal field that is gradually released as the field dissipates.
Key words. Stars: neutron - Stars: evolution - Stars: magnetic fields
1. Introduction
The neutron star (NS) magnetic field (MF) maintained by elec-
tric currents circulating in the crust modifies the crustal temper-
ature distribution by means of two mechanisms. The first one
is due to the anisotropy of thermal conductivity in presence of
a strong MF and causes important changes on how heat flux
flows from the core through the crust and envelope up to the
surface. The second mechanism is the generation of heat due
to MF dissipation which results in a non spherically symmetric
allocation of heating sources. Therefore, the magnetic diffusiv-
ity, besides its tensorial character due to the presence of the MF
(which eventually results in the Hall drift of the field), becomes
a non-spherically symmetric quantity. Under these conditions,
an initially purely dipolar field evolves very quickly in a magne-
tized NS to generate complex structures including toroidal fields
and/or higher order multipoles. Different studies on magneto-
hydrostatic equilibrium configurations indicate that stable con-
figurations require both toroidal and poloidal components (see
e.g. Reisenegger (2008) and references therein).
The complexity of the problem has limited previous works
to partial studies of the complete problem. The anisotropic heat
flux and its consequences for the - in principle observable -
surface temperature (Ts) distribution has been considered by
Geppert et al. (2004, 2006) and Pe´rez-Azorı´n et al. (2006a,b),
but for fixed, prescribed MF. The long–term effect of Joule heat-
ing has also been recently discussed by Aguilera et al. (2008c)
or Urpin & Konenkov (2008) (see also references therein), al-
though in a very crude approach. In Aguilera et al. (2008b)
a full 2-D cooling code has been used to describe the tem-
perature evolution, but the Joule heating rate is estimated by
an analytical approximation and considered to be uniform. In
Urpin & Konenkov (2008) the former results of Miralles et al.
(1998) are revisited in the context of high field radio–pulsars,
but with the simplified approach of considering the diffusion
of a one–mode (dipolar) poloidal field, without actually per-
forming consistent simulations including the temperature evo-
lution. On the other hand, the evolution of the MF including
the influence of the Hall term at early times has been studied
in Pons & Geppert (2007). The Hall drift causes a somewhat
faster dissipation for strong initial fields due to the reorganiza-
tion of the field in smaller scales. In this latter work the temporal
evolution of the temperature has been prescribed according to
a generally accepted cooling law and assumed to be the same
in the whole crust. The effect of ambipolar diffusion in the liq-
uid core can also be relevant, as recently studied for example in
Hoyos et al. (2008).
One of the reasons that leads to complex MF geometries in
the crust is due to the non-spherically symmetric magnetic diffu-
sivity. It is effective even if the Hall drift is negligible. Since the
temperature within the crust is no longer uniform, the magnetic
diffusivity in this approach becomes a function of the radial and
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of the polar coordinate, thus rendering the one–mode approxi-
mation inappropriate. Up to now, the effect of the dependence
of the magnetic diffusivity on the polar angle θ (if axial symme-
try is assumed) has not been considered. In some studies about
cooling of NSs, the source term in the thermal diffusion equa-
tion includes an angular–averaged Joule heating rate, where the
heat production is uniform in spherical shells at a given radius
r (Page et al. 2000; Aguilera et al. 2008c; Urpin & Konenkov
2008). These are not fully consistent calculations, because the
currents can locally be very intense and release heat in a highly
non-spherically symmetric way. Therefore, it is important to at-
tack the problem of the full magneto-thermal evolution of NSs,
by solving simultaneously the induction equation and the heat
transfer equation taking into account the anisotropy of the ther-
mal conductivity and the electrical resistivity tensors in a consis-
tent way. This is the main goal of this paper, in which we solve
this problem (in axial symmetry) for the first time. The aim of
this study is to provide a self-consistent model for the coupled
evolution of the MF and temperature in axially symmetric NSs,
in general relativity, and including the effect of angular varia-
tions of temperature in the magnetic diffusivity and the thermal
conductivity. We also revisit the envelope stationary solutions
updating the well known Tb−Ts–relations to include the effect of
2–D heat transfer calculations and new advances in microphysi-
cal ingredients (phonons, ion–ion interactions). We provide new
fits to solutions of equilibrium magnetic envelope that can be
used as boundary conditions in multidimensional cooling simu-
lations.
The paper is organized as follows. In the next Section
we derive and present the basic equations together with the
boundary conditions. Next we describe the input microphysics
and discuss the effect of superfluid neutrons on the heat flux
anisotropy. The following Section is devoted to the presentation
of the magneto–thermal evolution. Finally we discuss the results
by comparing them with observable consequences.
2. Basic Equations
The thermal evolution of the NS is calculated using the
code described in Aguilera et al. (2008b). For the evolution
of the MF we basically follow the formalism already used in
Pons & Geppert (2007). We address the interested reader to
these references for more details about the cooling code and the
MF evolution code that we have merged and coupled to perform
the simulations presented later in this paper. In the next subsec-
tions we just summarize the basic equations that are solved with
the purpose of introducing notation and for the sake of complete-
ness.
2.1. Heat Transfer Equation
Assuming that deformations with respect to the spherically sym-
metric case due to rotation, MF, and temperature distribution do
not affect the metric in the interior of a NS, we use the standard
static metric
ds2 = −c2e2ν(r)dt2 + e2λ(r)dr2 + r2dΩ2 , (1)
where ν(r) is the relativistic redshift correction and λ(r) is the
length correction factor, e−2λ(r) = 1 − 2GM(r)/c2r. Using this
background metric, the thermal evolution of a NS can be de-
scribed by the energy balance equation
cve
ν ∂T
∂t
+ ∇ · (e2νF) = e2ν(−Qν + Qh) (2)
where cv is the specific heat per unit volume and Qν is the energy
loss by neutrino emission while Qh stands for the Joule heat-
ing rate. In this study we neglect other heating mechanisms than
Joule heating, such as accretion or frictional heating at the core
crust interface. In the diffusion limit, the heat flux is simply
F = −e−νκˆ · ∇(eνT ) (3)
where κˆ is the thermal conductivity tensor that depends on both
coordinates (r, θ) through its dependence on temperature and
MF. Note that the differential operator∇ associated to the spatial
metric e2λ(r)dr2 + r2dΩ2 must include the corresponding metric
factors (i.e. e−λ(r) ∂
∂r
for the radial component). An explicit rep-
resentation in terms of the metric scale factors can be found in
Ra¨dler et al. (2001). We solve Eqs. (2) and (3) numerically fol-
lowing the same scheme as described in Geppert et al. (2004);
Pe´rez-Azorı´n et al. (2006a).
2.2. The Induction Equation
The Maxwell equations (in the Gaussian system) relative to an
observer at rest (Eulerian observer) for the static metric given by
Eq. (1) are
∇ · E = 4pi ρe
1
c
∂E
∂t
= ∇ × (eν B) − 4pi
c
eν j
∇ · B = 0
1
c
∂B
∂t
= −∇ × (eν E) (4)
where again the differential operators are defined according to
the spatial coordinate system, E and B are the electric and mag-
netic field measured by the Eulerian observer, as well as ρe and
j that represent the electric charge and current density, respec-
tively.
In the comoving frame, which corresponds to the Eulerian
frame since matter is at rest, electric field and density current are
related through Ohm’s law. This law establishes a proportional-
ity between the current and the electric field which can be written
as j = σE, σ being the electric conductivity. In the presence of
strong MFs, σ becomes a tensor and Ohm’s law must be written
as j = σˆE or equivalently E = ˆR j, where ˆR ≡ σˆ−1 is the resis-
tivity tensor. This tensor can be decomposed in symmetric and
antisymmetric parts (Landau & Lifshitz 1960). The symmetric
part, for non-quantizing fields is isotropic and determined by the
scalar 1
σ‖
, where σ‖ is the electric conductivity in the direction of
the MF. The antisymmetric part of the resistivity tensor can be
represented by a vector proportional to B. The electric field E is
then written in the form (Ziman 1979)
E =
1
σ‖
j + 1
enec
B × j (5)
where ne is the electron number density and e is the elementary
charge.
If we neglect the displacement current term in the Ampe`re-
Maxwell equation (second equation in 4), and make use of Eq.
(5), the Faraday induction equation (fourth equation in 4) can be
written as
∂B
∂t
= −∇ ×
{
η∇ × (eνB) + c
4piene
[
∇ × (eνB)] × B
}
(6)
where we have introduced the magnetic diffusivity η ≡ c24piσ‖ .
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There are two main differences from the induction equation
employed in Pons & Geppert (2007): the relativistic factors are
included and the magnetic diffusivity is not assumed to be spher-
ically symmetric.
Since both ne and the metric factor eν only depend on the ra-
dial coordinate (it is well justified to neglect the structural defor-
mations induced by MFs) the non–linear Hall term can be treated
in the same way as done by Pons & Geppert (2007). However,
the magnetic diffusivity through its temperature dependence also
depends on the polar angle, η = η(r, θ), thus requiring an exten-
sion of the previous formalism. The influence of the Hall term
at early times has been studied in Pons & Geppert (2007), re-
sulting in a somewhat faster dissipation for strong initial fields
due to the reorganization of the field in smaller scales. The nu-
merical treatment of the non-linear term is complex and very
computationally–limited. In this paper our goal is to perform
coupled (magneto-thermal) long term simulations, thus from
now on we focus on the linear part of the induction equation.
The linear part of the induction equation (6) reads
∂B
∂t
= −∇ ×
[
η ∇ × (eνB)] . (7)
We decompose the MF into its poloidal and toroidal part
(Ra¨dler et al. 2001)
B = Bpol + Btor , (8)
and use their representation in terms of two scalar functions
Φ(r, θ) and Ψ(r, θ):
Bpol = −∇ × (r × ∇Φ) , Btor = −r × ∇Ψ . (9)
We expand now the functionsΦ,Ψ, and η in a series of spherical
harmonics (in the axisymmetric case) as follows:
Φ =
1
r
∞∑
n=1
Φn(r, t)Yn(θ) ,
Ψ =
1
r
∞∑
n=1
Ψn(r, t)Yn(θ) ,
η =
∞∑
n=0
ηn(r, t)Yn(θ) , (10)
where Yn is the spherical harmonic Ymn for m = 0.
The poloidal and toroidal parts of the MF can be written as
Bpol =
1
r2
∑
n
n(n + 1)ΦnYn er + e
−λ
r
∑
n
∂Φn
∂r
dYn
dθ eθ ,
Btor = −
1r
∑
n
Ψn
dYn
dθ
 eφ , (11)
where er, eθ, eφ are unitary vectors associated to the spatial met-
ric. Inserting this expressions into Eq. 7 and using the quantities
Ink′k and I
(1) defined in Geppert & Wiebicke (1991, Eqs. 59 and
60) which are related to the Clebsch–Gordan coefficients, we
arrive at the following evolution equations for the poloidal and
toroidal scalar functions:
∂Φn
∂t
= eν
∑
k,k′
ηk′
(
Ink′k − I
(1)) ×
×
[
e−2λ
∂2Φk
∂r2
+ e−2λ
(
dν
dr −
dλ
dr
)
∂Φk
∂r
−
k(k + 1)
r2
Φk
]
(12)
and
∂Ψn
∂t
=
∑
k,k′
{(
Ink′k − I
(1)) e−λ ∂
∂r
(
ηk′e
−λ ∂(eνΨk)
∂r
)
−ηk′ Ink′k
k(k + 1)
r2
eνΨk
}
. (13)
If η = η(r, t) only k′ = 0 contributes and, taking the non-
relativistic limit (eν = eλ = 1), the purely diffusive Eqs. 8 of
Pons & Geppert (2007) with Dnm = Cnm = 0 are recovered. Note
that no coupling between poloidal and toroidal component ap-
pears, since this coupling can only be obtained by including the
Hall drift term.
2.3. Microphysics
The microphysical ingredients that enter in the heat transport
and induction equation are the specific heat, the thermal con-
ductivity, the neutrino emissivity and the magnetic diffusivity. In
the solid crust, the dominant contribution to the specific heat is
that from electrons and ions, while electrons, lattice phonons and
collective modes of superfluid neutrons contribute to the ther-
mal conductivity. We refer the reader to a detailed description
of the employed equations of state, the thermal conductivity, the
specific heat, and the neutrino emissivities, given in section 4
of Aguilera et al. (2008b). In this paper we assume the mini-
mal cooling scenario (Page et al. 2004) which includes neutrino
emission from the Cooper pair breaking and formation process,
but we do not take into account any direct Urca process, due ei-
ther to nucleons or to exotic matter (hyperons, Bose condensates
or deconfined quarks).
In addition, it has been shown by Chugunov & Haensel
(2007) that the ionic contribution to the total thermal conduc-
tivity is negligible in the crust but it may play a role for low tem-
peratures in the envelope. Very recently (Aguilera et al. 2008a)
studied the possible effects of collective modes of superfluid
neutrons. They found that this process may dominate the thermal
conductivity in the inner crust when its temperature is <∼ 107K.
For such relatively old NSs, heat transport by superfluid neutrons
counteracts the anisotropy in the electron conductivity caused by
a strong crustal field and, eventually, turns the inner crust isother-
mal. In this work we have updated our microphysics and we have
also included this two new contributions to the thermal conduc-
tivity.
The only relevant contributions to the electrical resis-
tivity are electron–phonon and electron–impurity collisions
(Flowers & Itoh 1976). While the efficiency of electron–phonon
collisions strongly depends on the crustal temperature, the
electron–impurity scattering is much less sensitive to it.
However, both processes may be strongly affected by the pres-
ence of a strong MF which suppresses the conductivity compo-
nents perpendicular to the field lines (Canuto & Chiuderi 1970;
Itoh 1975). As in Pons & Geppert (2007), we calculate the elec-
trical resistivity by using the electron relaxation time provided
by A. Potekhin’s public code 1. We have used an impurity con-
centration parameter of 0.1 (the definition of this parameter and a
discussion about how it affects electronic transport can be found
in section 5.1.1 of Pe´rez-Azorı´n et al. (2006a)). Jones (1999) has
shown that disorder in the inner crust could result in an impurity
parameter & 10, which leads to larger electrical resistivity and
enhanced ohmic decay. However, this effect becomes important
only for sufficiently cool NSs.
1 www.ioffe.rssi.ru/astro/conduct/condmag.html
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2.4. Joule Heating
Joule heating couples the thermal and magnetic evolution by
contributing to the source term Qh in Eq. 2 which, for large
fields, can result in a higher temperature and therefore a larger
magnetic diffusivity. These feedback may lead to a faster dissi-
pation of the MF if it is strong enough to really alter the tempera-
ture of the crust. In this paper Joule heating is taken consistently
into account in a cooling simulation for the first time. As the MF
evolves in time, we compute at each point of the computational
grid the local values of the electrical current density, which is
simply
j(r, θ, t) = e−ν c
4pi
∇ × (eνB) . (14)
The corresponding components of the current density are
4pi
c
j = 1
r2
∑
n
n(n + 1)ΨnYn er
+
e−λ−ν
r
∑
n
∂(eνΨn)
∂r
dYn
dθ eθ
+
1
r
∑
n
[
e−2λ
∂2Φn
∂r2
+
2GM(r)
c2r2
∂Φn
∂r
−
n(n + 1)
r2
Φn
]
dYn
dθ eφ.
(15)
We evaluate the heating source term by
Qh = j
2
σ‖
, (16)
where Qh is the energy per unit time and unit volume measured
by the Eulerian observer. The magnetic energy balance equation
is
∂
∂t
(
eν
B2
8pi
)
= −e2ν
j2
σ‖
− ∇ ·
[
e2ν
1
4pi
E × B
]
, (17)
which is easily interpreted: if we integrate over the whole vol-
ume, the magnetic energy losses are due to Joule heating and
Poynting flux through the boundaries. This latter term vanishes
since we do not consider the possibility of having electromag-
netic waves (we neglect displacement currents).
2.5. Magnetic boundary conditions
Since we restrict ourself to MF configurations confined to the
crust, the inner boundary conditions are determined by the re-
quirement that the normal component of the MF and the tangen-
tial components of the electric field has to vanish at r = Rc. This
is a consequence of the assumption that the core is in a super-
conducting state and the Meissner–Ochsenfeld effect prevents
the MF to penetrate. Therefore we apply the following boundary
conditions at r = Rc
Φn = 0 (18)
e−λ
∂Ψn
∂r
= −
ωBτ
r2
∑
k,k′
I(2)ΨkΨk′ . (19)
A detailed derivation is given in Pons & Geppert (2007). Note
that in the limit of vanishing Hall–drift this reduces to ∂Ψn
∂r
= 0.
For the outer BC we require all components of the MF to
be continuous across r = RNS to match the relativistic vacuum
solution. Hence, let us first consider the stationary solution for
the outer space. In the absence of external currents, the toroidal
component of the MF must vanish, and each multipole of the
poloidal field must satisfy (in the stationary case):
(1 − z)∂
2Φn
∂r2
+
z
r
∂Φn
∂r
−
n(n + 1)
r2
Φk = 0 (20)
where z = 2GM/c2r, which corresponds to the compactness pa-
rameter at r = RNS.
This second order differential equation has analytical solu-
tions for each value of n, although they cannot be written in a
closed analytic form valid for any n. For example, for n = 1 and
n = 2 we have
Φ1 = C1r2
[
ln(1 − z) + z + z
2
2
]
+C2r2 (21)
Φ2 = C1r3
[
(4 − 3z) ln(1 − z) + 4z − z2 − z
3
6
]
+C2r3(4 − 3z)(22)
where C1 and C2 are arbitrary integration constants that must be
fixed according to the value of the magnetic multipole moments.
Regularity of the external solution at r = ∞ requires C2 = 0.
In general, the family of solutions of Eq. 20 for any value of
n can also be expressed in terms of generalized hypergeometric
functions (F([], [], z)), also known as Barnes’s extended hyper-
geometric functions, as follows:
Φn = C1 r−n F([n, n + 2], [2 + 2n], z)
+ C2 rn+1 F([1 − n,−1 − n], [−2n], z) . (23)
Note that regularity at r = ∞ requires again C2 = 0.
For practical reasons, we write the outer boundary conditions
at r = RNS as
∂Φn
∂r
= −
n
RNS
fnΦn (24)
Ψn = 0 (25)
where fn is a relativistic factor that only depends on the com-
pactness ratio z(RNS) (in the Newtonian limit fn = 1) and can be
evaluated numerically or with the help of any algebraic manipu-
lator using the form given in Eq. (23). Ra¨dler et al. (2001) use an
alternative form based on the expansion of the vacuum solutions
in a series of powers of 1/r.
3. Thermal boundary conditions: blanketing
envelopes revisited
The very different thermal relaxation timescales of the envelope
and the crust of NSs makes computationally expensive any at-
tempt to perform cooling simulations in a numerical grid that in-
cludes both regions simultaneously. Since radiative equilibrium
is established in the low density region much faster than the crust
evolves, the usual approach is to use results of stationary, plane-
parallel, envelope models to obtain a phenomenological fit that
relates the temperature at the bottom of the envelope Tb, with
the surface temperature Ts. This Ts = Ts(Tb) phenomenologi-
cal function is used to implement boundary conditions, because
it allows to calculate the surface flux for a given temperature at
the base of the envelope. Tb is generally chosen to correspond
to some density between the neutron drip point ρ ≈ 3 × 1011g
cm−3 and ρ = 1010g cm−3. Examples of such models of magne-
tized envelopes have been constructed by Potekhin & Yakovlev
(2001) and later upgraded in Potekhin et al. (2007) to include the
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Fig. 1. Surface temperature as a function of temperature at the
neutron drip point for two models of NS envelopes with different
MF strengths. The thin dashed lines are the analytical fits from
(Potekhin & Yakovlev 2001) for MF parallel (‖) and perpendic-
ular (⊥) to the normal direction to the surface. The thick dashes
are our results for the ⊥ case, and the solid lines are our full 2D
results for a dipolar field (we show T s at the pole and at the equa-
tor). Our results for a purely radial field cannot be distinguished
from the upper solid line (T s at the pole for the dipolar MF).
Numerical results always include the effect of neutrino emission
in the outer crust and envelope.
effect of the neutrino emissivity in the outer crust. They derived
an analytic form of the Tb − Ts relation that reads
Ts(B, ϕ, g, Tb) ≈ T (0)s (g, Tb)X(B, ϕ, Tb), (26)
where
T (0)s ≈ 106 g1/414
[
(7ζ)2.25 + (ζ/3)1.25
]1/4
K, (27)
and ζ ≡ 0.1Tb,8 − 0.001 g1/414
√
0.7 Tb,8. Here g14 is the surface
gravity in units of 1014 cm s−2, Tb,8 is Tb in 108 K, and T s,6 is Ts
in 106 K.
The functionX has been fitted by decomposing into transver-
sal and longitudinal parts as
X(B, ϕ, Tb) =
[
X
9/2
‖
(B, Tb) cos2 ϕ + X9/2⊥ (B, Tb) sin2 ϕ
]2/9
,(28)
where ϕ is the angle between the MF and the normal to the sur-
face. Potekhin & Yakovlev (2001) give the following fits for X⊥
and X‖
X‖(B, Tb) = 1 + 0.0492B0.29212 T 0.240b,9 (29)
X⊥(B, Tb) =
√
1 + 0.1076B12(0.03 + Tb,9)−0.559[
1 + 0.819B12/(0.03 + Tb,9)]0.6463 (30)
where B12 = B in units of 1012 G. These fits are valid for B <
1016 G and 107 K ≤ Tb ≤ 109.5 K.
It must be reminded that the above Tb−Ts relation is based on
a plane–parallel approximation. When this approach is applied
to a spherical star, meridional heat fluxes in the envelope are
not allowed and, therefore, this approximation may be inaccurate
when these fluxes compete with the purely radial ones. In addi-
tion, Chugunov & Haensel (2007) found that the contribution of
ions or phonons to the thermal conductivity of the envelope can
reduce the anisotropy of heat conduction. Therefore, we have re-
visited the magnetized envelope problem with two motivations:
upgrading the microphysical inputs (thermal conductivity) and
assessing on the accuracy of the plane-parallel approximation.
To avoid solving the hydrostatic equilibrium equations in
two dimensions, we have build a spherically symmetric iron en-
velope model with a zero temperature equation of state. With this
fixed background, we have calculated stationary solutions of the
heat transport equation in 2D, with a given MF geometry (dipole
solution). At first glance, this may seem inaccurate, since finite
temperature effects may be relevant at low density but, as ex-
plained in Gudmundsson et al. (1983), the main regulator of the
Tb −Ts–relation is the sensitivity strip where the opacity is max-
imum. This strip marks the transition from electronic heat trans-
fer to the radiation dominated one. It lies at relatively high densi-
ties except for very low temperatures. Hence, structural changes
at low density do not affect the solution, even for extreme cases
such as a condensed surface (Potekhin et al. 2007). To test the
validity of this assumption and to compare with previous works,
we have taken the crustal MF to be either purely radial (labelled
‖, parallel to the normal to the surface) or purely tangential to
the surface (labelled ⊥). In this two limiting cases, the heat flux
is purely radial, and we have reproduced within a 5% the Tb−Ts
relation given by Potekhin & Yakovlev (2001) if neutrino emis-
sivities are not considered. The minor differences are probably
due to the different EOS or NS model (i.e. our neutron drip point
is at ρ = 3.5 × 1011 g/cm3, while theirs is at ρ = 4 × 1011. Our
results for purely parallel or purely tangential fields including
the neutrino emissivity in the outer crust are shown with thick
dashes in Fig. 1. The analytical fit from (Potekhin & Yakovlev
2001), without the effect of neutrino emissivity, is plotted with
thin dashes. The agreement is very good in those cases where
neutrino emission is not important (low temperature). Moreover,
our results for radial and tangential MF are directly compara-
ble to Figs. 4 and 5 of Potekhin et al. (2007), in which neutrino
emissivity effects are considered. The very good agreement with
this work indicates that the use of a zero temperature EOS for
solving the hydrostatic equilibrium equation is a valid approxi-
mation. The same comment applies to the effects of strong MF
in the low density EOS, as long as they are only noticeable at
densities where radiation dominates the heat transport. Finally,
in order to check the effect of using an EOS in which the thermal
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contribution to the pressure is neglected to obtain the mechanical
structure of the envelope, we have also recalculated some of the
models using new envelope structures obtained by solving the
hydrostatic equilibrium equations for a finite temperature EOS
and assuming the temperature profile of the previous models.
We have found the same surface temperatures in both models
(within a 1%), further confirming the validity of our approach.
Fig. 2. Stationary 2D solutions of magnetized envelopes: surface
temperature profiles as a function of the polar angle for Bp =
1015 G and three different combinations of the Tb–distribution
and MF geometry. The solid lines correspond to the numerical
results and the dashed lines to the analytic fits from Eqs. (31)
and (28).
Concerning 2D models, solid lines in Fig. 1 correspond to
our 2D transport results with a dipolar field. The quoted value of
the MF corresponds to the strength at the magnetic pole. From
our results, we confirm that the effect of ion/phonon transport in
the envelope is to reduce the large anisotropy obtained in pre-
vious magnetized models. In addition, by performing 2D heat
transport calculations through the magnetized envelope, we take
into account the meridional heat fluxes driven by the meridional
temperature gradients between pole and equator, and we find that
the anisotropy is further reduced. This effect is more relevant for
high fields, resulting in an equatorial temperature about a fac-
tor 3 lower than the polar temperature, in contrast with the 2-3
orders of magnitude obtained in previous models. For practical
purposes, we have made fits of our results keeping a similar func-
tional form to Eq. 30, but only changing the form of X‖ and X⊥
as follows:
X‖(B, Tb) = 1 + 0.05B0.2512 T 0.240b,9
X⊥(B, Tb) =
√
1 + 0.07B12(0.03 + Tb,9)−0.559[
1 + 0.9B12/(0.03 + Tb,9)]0.4 (31)
We find that this formula reproduces very well the correct nu-
merical results for the Tb − Ts relation for a dipolar field geom-
etry. The ratio between polar and equatorial temperature is sig-
nificantly lower than in the case of 1-D plane-parallel envelope
models. We also confirm that, if neutrino emission at densities
ρ > 1010 g/cm3 is taken into account, there is a MF-dependent
upper limit to the effective surface temperature (Potekhin et al.
2007), but our maximum temperatures for MF tangential to the
surface are considerably higher than those obtained before. We
find that the upper limit consistent with our numerical results is
well fitted by the following expressions
T maxs,‖ =
3.6 × 106K
1 + 0.02 log B12
T maxs,⊥ =
2.8 × 106K
1 + 0.6 log B12
(32)
It must be stressed that these upper limits are obtained by
the inclusion of the outer crust (3 × 1011 > ρ > 1010 g/cm3)
in the static envelope calculations that fix the internal bound-
ary condition. If the numerical grid of the cooling code extends
to densities lower than 1010 g/cm3 this effect is consistently in-
corporated and there is no need to include these corrections in
the Tb − Ts relation. Note that we neglect the possibility of
Joule heating within the envelope because, due to the very large
magnetic diffusivity, initial electric currents are quickly dissi-
pated and may only be important at the very beginning of a
NSs life. Obviously these results may vary for other field ge-
ometries. We have checked, however, that our improved fits (31)
combined with Eq. (28) are a good approximation (within 5%)
to the numerical result in a number of cases. In Fig. (2) we
compare the numerical results with the analytical fits for three
different models. In the top panel the MF geometry is purely
dipolar and the temperature distribution at the inner boundary
is fixed to Tb = 107(cos2 θ + 0.2 sin2 θ) K. The middle panel
shows the results for a model with the same MF configuration
but a temperature distribution at the base of the envelope given
by Tb = 107(1 + 3 sin2 θ) K. The bottom panel corresponds to
a model with the same Tb distribution as the middle panel, but
with a purely quadrupolar MF geometry. In all cases Bp = 1015
G, so that the combination of high field and low temperature
demonstrates the validity of the fit for the most extreme cases.
4. Results
We present the results now of our numerical simulations of the
magneto–thermal evolution of NSs and its dependence on the
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Fig. 4. Temperature distribution in the crust of a NS (i.e. up to the bottom of the envelope) at different ages. The initial MF is purely
poloidal with (Bp = 1014 G). The field lines are also shown. The numbers in the color-scale on the left of each figure indicate the
maximum and minimum values of the temperature (in units of 108 K) at each age. The crustal shell has been stretched a factor of 4
for clarity.
Fig. 3. Power spectrum at t = 5 × 105 years for the models
corresponding to purely poloidal fields with initial values of
Bp = 1013 (crosses), 1014 (stars), and 1015 G (diamonds).
initial MF structure and strength. We restrict this presentation
to a selection of the initial models described in Aguilera et al.
(2008b). Our model A at t = 0 consists of a dipolar (n = 1)
poloidal field according to Eq. (13) of Aguilera et al. (2008b),
parameterized by the value of the radial component at the mag-
netic pole, Bp. In model B we add to the initial dipolar field a
quadrupolar (n = 2) toroidal component obeying Eq. (11) of
Aguilera et al. (2008b), with a maximum value of ≈ 50Bp. This
latter model represents the case of a strong toroidal component
confined in the crust. We recall that we focus in this paper on the
purely diffusive case, i.e., the Hall term in the induction equation
is neglected. This term needs a separate specific numerical treat-
ment that is out of the current capabilities of our code and will
be discussed in later work. Its influence can be important either
at very early times or, as we point out at the end of the section,
at late times during the photon cooling era. For most of the first
105−106 years of a NS life we do not expect qualitative changes
from our present results.
To begin our discussion, we present in Fig. 3 the power spec-
tra for model A with three initial fields of Bp = 1013, 1014, and
1015 G at the age of t = 5 × 105 years. We see how the cou-
pling between different modes due to the angular dependence of
η fills the shorter wavelength modes (initially only the dipolar
poloidal component n = 1 is present). Only odd multipoles are
present because the initial model is symmetric with respect to the
equatorial plane. At this age, the cascade has filled out all large
wavenumber modes and is saturated following approximately an
n−4 power law for the cases with large initial fields. This result
shows that, even if the influence of the non-linear Hall term is
negligible, the thermo–magnetic coupled evolution results in a
complex field geometry that can not be described by a single
mode. Although the dominant mode is still the dipole, the dis-
tribution of part of the energy in higher other modes leads to a
slightly faster dissipation.
In Fig. 4 we show the crustal temperature distribution of a
NS at different ages (t = 10, 100 and 500 kyr), together with the
poloidal field lines. The tendency of the surfaces of constant tem-
perature to be aligned with the magnetic field lines discussed in
Pe´rez-Azorı´n et al. (2006a); Geppert et al. (2004) is clearly vis-
ible, but there is an important difference with respect to previ-
ous works. The consistent inclusion of the Joule heating source
results in a greater energy deposition in the region where cur-
rents are more intense. In this particular model this happens at
low latitudes, since the currents that maintain a poloidal field are
toroidal. Thus more heat is released close to the equator. While
the polar regions are always in thermal equilibrium with the core,
the equator is insulated due to the reduced thermal conductivity
across magnetic field lines. As a consequence, the heat released
at early times in the equatorial region cannot flow across field
lines into the core, where it would be rapidly lost by neutrino
emission. It is only allowed to flow towards the surface along
field lines. This modifies the traditionally accepted temperature
distribution consisting of hot poles and a cooler equator (insu-
lated from the warmer core). Instead we find that the equatorial
region of the outer crust is actually warmer than the poles. In
models with weak MFs, when the effect of Joule heating be-
comes less effective, the situation is inverted and the thermal
distribution with hot polar caps is recovered. Notice the large
difference between polar and equatorial temperatures, up to a
factor of 2 at early times (the numbers next to the color scale
indicate the maximum and minimum temperature at each evolu-
tionary time), in contrast with the nearly isothermal crusts at late
times.
In non–magnetized NSs the heat conduction between the
crust and the core is able to counteract the local neutrino emis-
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sion processes and produce an isothermal NS after the thermal
relaxation stage, which lasts 10-100 years. This interchange of
energy between core and crust is still important in magnetized
neutron stars, but the presence of a strong tangential field in the
equatorial region of the inner crust has the effect of increasing
the thermal relaxation time in several orders of magnitude, so
that the equatorial region in Fig. 4 becomes effectively decou-
pled from the core.
Fig. 5. Temperature profiles at the base of the envelope (Tb) and
at the surface (T s) at different evolutionary times. The initial MF
is purely poloidal with Bp = 1014 G.
We must remind that the anisotropy in Tb (at the bottom of
the envelope), is not necessarily the same as that of Ts. The blan-
keting effect of the envelope, and/or atmospheric effects should
be taken into account before a comparison with observations.
In Fig. (5) we plot the evolution of both, the temperature at the
bottom of the envelope (top panel) and the surface temperature
(bottom panel) as a function of the polar angle.
In Fig. 6, we show a sample of cooling curves (effective
temperature versus true age) for models A (solid lines) and B
(dashed lines) but varying the initial strength of the field. For
high fields the effect of Joule heating is visible from the very be-
ginning of the evolution. The effective temperature of a young,
Fig. 6. Cooling curves. Effective temperature as a function
of age for different initial field strengths (from bottom to top
Bp = 1013, 3 × 1013, 1014, 3 × 1014, and 1015 G). The solid lines
correspond to Model A and the dashed lines to model B.
t = 103 yr magnetar with Bp = 1015 G is higher by a factor
of 2 than that of a NS with a standard Bp = 1013 G, and it
is kept nearly constant for a much longer time. The effect is
further enhanced in model B due to the extra energy stored in
the toroidal field. In spite of some quantitative differences, our
improved simulations confirm the qualitative results described
in Aguilera et al. (2008c), where a phenomenological MF de-
cay law has been adopted. The most important difference is the
somewhat higher temperature reached in these models, when
compared to Aguilera et al. (2008c). The difference stems from
the particular location of the heat dissipated by the Joule effect
in the regions where currents are intense, as opposed to the ho-
mogeneous distribution of energy in the formerly adopted phe-
nomenological model.
In Fig. 7 we show the value of the MF at the pole as a func-
tion of time for models A (solid lines) and B (dashed lines) with
different initial field strengths. Naively, we can divide the mod-
els in two groups: strong initial field B > 5 × 1013 G and weak
initial field B < 5 × 1013 G. The plot shows that models with
strong initial fields are subject to a faster decay than those with
weaker fields. Models with weak initial fields are subject to de-
cay in a more or less similar manner. The field typically decays
in about a factor of two on a timescale of few 106 years, and then
remains nearly constant, due to the increase of the magnetic dif-
fusion timescale as the star cools down.
Models with initially large fields behave in a different way.
Since the magnetic energy stored in the crust is now large
enough to significantly affect the thermal evolution when it is
steadily released by Joule heating, it results in a higher average
temperature of the crust. But this process has a back-reaction:
the higher temperatures imply larger resistivities and therefore
faster decay. Interestingly, at t > 106 yr, all models with large
poloidal initial fields seem to converge to an asymptotic fidu-
cial value of Basymp ≈ 4 × 1013 G, while all models with strong
toroidal fields converge to a lower value of Basymp ≈ 1.5 × 1013
G, because of the higher temperatures reached in average during
the evolution.
Based on these results we predict that all sufficiently old NSs
born with Bp above a critical value evolve towards similar field
strengths, while those born with lower fields show a MF distri-
bution at late times similar to the initial distribution but shifted
in about a factor of 2 to lower values. This critical initial field is
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approximately Bcrit ≈ 5 × 1013 G. It also delimits the minimum
field strength that can actually influence the thermal evolution
of the NS by MF diffusion. Once the MF is dissipated below
that value, its influence on the later evolution is reduced and the
subsequent evolution proceeds in a similar way in all cases. Our
models predict that no old magnetar can be found, and that, at
ages t > 5×105 yr, the typical MF for all NSs born as magnetars
must be similar (B ≈ Basymp). Up to know, observational data are
not in contradiction with this fact.
To conclude this section we turn now to discuss the evolution
of the dimensionless magnetization parameter ωBτ, where ωB is
the electron gyro–frequency and τ is the electron relaxation time.
The Hall induction equation (6) can also be written as
∂B
∂t
= −
c2
4pi
∇ ×
(
1
σ‖
{
∇ × (eνB) + ωBτ [∇ × (eνB)] × eB }
)
, (33)
where eB is the unit vector in the direction of B.
Fig. 7. Evolution of the MF strength at the pole Bp during the
first million years of a NS for several initial values. The solid
lines correspond to Model A and the dashed lines to model B.
In this form, the interpretation of ωBτ is straightforward:
when the magnetization parameter exceeds unity, the Hall drift
term dominates. The effect of the Hall drift term at early times
has been discussed in detail in (Pons & Geppert 2007). As a rule
of thumb, when ωBτ > 103 the effect of the Hall drift signifi-
cantly changes the evolution, while more moderate values lead
to a somewhat faster dissipation due to reorganization of the field
in smaller scales. Due to numerical limitations, in this work we
have restricted ourselves to the purely diffusive case, but it is
worth to look at the evolution of this parameter as shown in Fig.
8. Here we show radial profiles of the magnetization parame-
ter in the crust for model A and three different initial values of
Bp. The upper panel corresponds to t = 104 yr and the lower
panel to t = 106 years. At early times, the scaling of ωBτ with
Bp is visible and only in magnetars one must expect large values
in the inner crust. However, the back-reaction of the field evo-
lution on the temperature has some interesting implication. At
late times, the temperature of low field NSs is lower than that
of highly magnetized NS, so that the temperature dependence of
the electron relaxation time overcomes the effect of the MF and
it turns out that the former magnetars are less magnetized than
NSs born with moderate fields. In addition, at ages of ≈ 106 yrs
the temperature is low enough to ensure that the magnetization
parameter is very large for all models studied, specially in the
inner crust (where the conductivity is larger). This opens more
questions about the late evolution of NSs that is likely to be dom-
inated by the non–linear Hall term in most NSs. In particular, the
possibility of the Hall instability (Rheinhardt & Geppert 2002),
or implications on the evolution of the braking index are worth
to be explored.
Fig. 8. Radial equatorial profiles of the magnetization parameter
ωBτ for model A and three different initial values of Bp: 1013
G (solid lines), 1014 G (dashed lines), and 1015 G (dotted lines).
The upper panel corresponds to t = 104 yr and the lower panel
to t = 106 years.
5. Conclusions
We have performed consistent 2D simulations of the coupled
magneto-thermal evolution of NSs for the first time, including
realistic microphysical input and general relativistic corrections.
By properly taking into account the interplay of the MF and
temperature evolution in cooling simulations we have found that
their mutual influence is important and affects the outcome when
the initial field strength is of the order or larger than a critical
value of Bcrit = 5 × 1013 G. It has effects on both sides: the tem-
perature and the field strength.
10 J.A. Pons, J.A. Miralles, & U. Geppert: Magneto-thermal evolution of NSs
The average effective temperature of a NS born with Bp <
Bcrit is barely affected, while those born as magnetars are sub-
ject to significant heating by the dissipation of currents in the
crust. In addition, since heating is locally important in the re-
gions where currents are more intense, the surface temperature
distribution can be very different depending on the field geome-
try. While the pole (or other regions in which the field lines are
nearly radial through the crust) is in thermal equilibrium with
the core and has its same temperature, regions in which the field
lines are tangential remain essentially thermally isolated. This
can produce cooler areas if no heating process is considered or,
conversely, hotter regions if heating is important. This is the case
of poloidal fields, in which currents are located near the equato-
rial region that remains warmer than the rest of the crust during
a long time. The effective temperature of models with strong in-
ternal toroidal components are systematically higher than that of
models with purely poloidal fields, due to the additional energy
reservoir stored in the toroidal field that is gradually released as
the field dissipates.
In the models with stronger fields, as a result of the aver-
age higher temperatures, the crustal electrical resistivity is en-
hanced and magnetic diffusion proceeds faster during the first
105 − 106 years of a NS’s life. As a consequence, all NSs born
with fields larger than a critical value (> 5 × 1013G) reach simi-
lar field strengths (≈ 2 − 3 × 1013G) at late times, irrespectively
of the initial strength. After 106 years the temperature is so low
that the magnetic diffusion timescale becomes longer than the
typical ages of radio–pulsars, resulting in apparently no dissipa-
tion of the field in old NSs. We confirm the strong correlation
between the MF and the surface temperature of relatively young
NSs discussed in preliminary works. Notice that if the MF of
magnetars is caused by superconducting currents in the core (as
opposed to crustal currents) the longer diffusion timescale in the
core would allow magnetars to live much longer with their orig-
inal large fields. Thus, observations of magnetars can help to
discern between models with currents located in the crust or in
the core.
It should be mentioned that magnetic field evolution by am-
bipolar diffusion in the core may produce qualitatively similar
effects to those obtained in this work: keeping the temperature
high while the field is strong and stopping field decay when the
temperature drops (see e.g. Reisenegger 2008). In this work we
have not considered the MF evolution in the core because am-
bipolar diffusion is usually considered under the assumption that
the core is in a non–superfluid state and therefore is important
during the very early stages of evolution. We are more interested
in the long-term evolution, after the temperature rapidly drops
below the critical temperature for nucleon superfluidity. In or-
der to quantify the relative importance of both effects one would
need to consider ambipolar diffusion in a superconducting fluid
coupled to the dissipation of crustal currents studied here.
The detection of magnetars with true ages (the spin-down
age can be seriously overestimated) t ≈ 106 yr, or the detection
of a young highly magnetized NS with T < 106 K would be a
serious challenge for crustal field models. At present our results
are in agreement with the known population of high field NSs
and magnetars and support the idea of the existence of a strong
crustal MF component in magnetars.
Given the complexity of the feed-back between temperature
and MF, it seems necessary to extend this work in two main lines
that can shed new light on our knowledge of the cooling theory
of NS: engaging 3D simulations and including the Hall term in
the induction equation. The complex geometry that may arise in
a realistic case with hot spots and irregular fields is certainly not
treatable with our present code and needs further investigation.
Similarly, the influence of the Hall term at late times (when the
temperature is so low that the magnetic diffusivity is negligible)
or a consistent treatment of ambipolar diffusion in a supercon-
ducting fluid coupled to the dissipation of crustal currents, can
produce new interesting effects and are issues worth to explore
in future works.
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